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It is known that the fundamental mode of rotation in quantum fluids is represented by a quantum
vortex. Its quantized value represents the orbital angular momentum (OAM) per particle, which is
reduced in case of offset vortices. Here, we study analytically the dynamics of a displaced quantum
vortex in a number of 2D systems, including infinite or harmonic confining potentials and a two–
component condensate. The vortex core demonstrates peculiar motion in all such systems, however,
the OAM content may vary in time or not, depending on the underlying physics. For the off–axis
vortex in the radial potentials, the OAM remains invariant, despite the core moves on circular or
elliptic orbits and even when secondary vortex–antivortex pairs proliferate due to self-interference
of the wavepacket being reshaped. However, including harmonic time perturbations with a gain–
dissipation term or adding a spatial anisotropy, confers time–varying OAM to the morphology
reshaping. Considering a binary condensate, the Rabi dynamics can imply time–dependent angular
momentum and core orbital motion in each of the components, as a natural result of their coherent
coupling. The salient result across all the different cases is that a weird motion of the vortex core,
and also its dynamical morphology, are distinct from and do not necessarily imply a time-varying
OAM per particle, whereas the latter always imply some offset core and its morphology reshaping.
I. INTRODUCTION
Topology is indispensable to different areas of physics,
in particular to condensed matter physics [1]. This in-
volves invariant under deformation from ground state to
a new configuration for which any path to the ground
state is energetically too costly. As such, topological in-
variant powered by Homotopy groups provide subtle tool
to detect holes in a given space; examples are topologi-
cal defects in system with continuous broken symmetry.
Vortex, a typical defect in system with global U(1) bro-
ken symmetry, is characterized by a null density region
and an integer (topological) charge associated with the
singularity in the gradient of the order parameter phase
at the core position; indeed, the topological charge (TC)
defines the intrinsic orbital angular momentum (OAM)
available in the vortex state. Quantum vortices are com-
mon in many phases including superconductors [2], su-
perfluids [3], atomic Bose Einstein condensates [4], and
polaritons [5], among others.
Vortex beam (VB), confined vortex state in the form of
beam with spiral wavefront, is exotic in a sense that it can
carry angular momentum [6]; indeed one can distinguish
two kinds of VBs, one with non–uniform phase–varying,
which is called anisotropic VB, and the other with uni-
form phase variation, which is referred to as isotropic
VB. In both cases, the fields, being associated to a dis-
placed vortex, carry reduced–fixed amount of angular
momentum and have modified morphology distributions.
For static VB (not varying in time), either isotropic or
anisotropic, it is known that the vortex helicity can be
described based on the combination of some elementary
vortices with integer topological charges which deter-
mines the overall morphology distribution and associated
angular momentum across the beam [7].
Vortex beams can be dynamic, i.e., the angular con-
tent can be time dependent. First report regarding time–
varying angular momentum was given in Ref. [8], where
two pulses, one delayed with respect to the other, are im-
printed on microcavity polariton (coupled photonic and
excitonic fields) fluids. This leads to temporally and spa-
tially structured components (photon and exciton), that
is, the off–center core in one component (photon) is dy-
namically matched by an off-axis core in the counterpart
field (exciton). The coherent transfer between the two
components lets the two cores moving on the same orbit
(with a reciprocal delay), resulting in the oscillating lin-
ear and angular momentums in the emitted light. Such
oscillations happen in the linear regime of the dynamics.
Quite recently a similar scheme, with two retarded pulses
but now partially overlapping in time, has been used in
the nonlinear process of high harmonic generation, to re-
sult in the vortex beam with continuously time–varying
angular momentum [9].
Here, we study analytically some simple physical sys-
tems that can sustain a dynamical vortex, in the sense
that the vortex morphology is temporally being stretched
or folded up, while the angular momentum content may
vary with time. Indeed, one may expect a time–varying
morphology also results in a time–varying angular mo-
mentum. We rather show that the time–varying mor-
phology can be associated to but does not necessarily
imply time–varying angular momentum. To this end,
we consider an off–axis vortex in some elementary phys-
ical examples: infinite (circular) quantum well potential,
harmonic potential perturbed by spatially anharmonic
component and time–harmonic term, and two coupled
condensates. We consider in Sec. II the case of displaced
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2vortex in quantum well with hard boundary, for which
we introduce the mechanism of pair excitement induced
exclusively by quantum effects associated with interfer-
ence. While the vortex morphology is peculiarly varied
in time, the angular momentum content remains steady.
Section III accounts for the off–center vortex in the sub-
tle example of harmonic potential, where we extend the
study to consider the effect of the spatial anisotropic
anharmonicity (deviation from harmonic potential) and
time–harmonic perturbation (oscillatory in time) with a
gain/dissipative term. We show that while the harmonic
potential alone sustains an angular momentum which is
constant, on the other hand the time harmonic pertur-
bation induces periodically varying angular momentum.
Interestingly, anharmonicity modifies greatly the mor-
phology of the vortex alongside with the vortex core mo-
tion, as removing the degeneracy of the excited states
of harmonic potential mediates oscillatory time–varying
angular momentum. The other possibility to observe the
time–varying angular momentum is through binary con-
densates, namely, Rabi coupled fields, which is studied in
Sec. IV. Such behavior was shown recently for the case
of large imbalance between masses of coupled fields, cor-
responding to the microcavity polaritons. Finally, Sec. V
provides conclusion remarks. It is worth noting that all
examples considered here are in the linear regime, where
the self–interaction between particles are negligible.
II. QUANTUM WELL
It might be one of the simplest case to consider an off–
center vortex in an infinite quantum well. We consider
the Hamiltonian of a circular quantum well of radius R:
Hqw = − ~
2
2m
∇2 + V (r) , (1)
where
V (r, ϕ) =
{
0 r < R
∞ r > R , (2)
where r =
√
x2 + y2 and ϕ = arg(x+ iy). Solving equa-
tion Hqwχn,l = En,lχn,l, one can find states and energies
through:
χn,l =
Nn,l√
2pi
eilϕJ|l|(kn,lr) , (3a)
En,l =
~2k2n,l
2m
=
~2
2mR2
β2n,l , (3b)
where J|n| is the Bessel function of integer order, Nn,l
is the normalization constant, l = 0,±1,±2, · · · , and
βn,l = kn,lR is the nth zero of the |l|th Bessel function
for which J|l|(βn,l) = 0; this is a condition imposed by
wavefunction on the boundary, namely χn.l(R,ϕ) = 0.
In addition to stationary solutions χn,l, one can solve
Schroedinger equation i~∂tψ = Hψ for a given arbitrary
initial state. To end this, we note that:
ψ(r, ϕ, t) =
∑
n,l
αn,le
−iEn,lt/~χn,l(r, ϕ) , (4a)
αn,l =
∫
dϕ
∫
rdrψ0χ
∗
n,l(r, ϕ) , (4b)
where ψ0(r, ϕ) ≡ ψ(r, ϕ, 0). Here, initial condition is
a superposition of two Gaussian wavepackets one with
topological charge TC = 1 and another with TC = 0; it
reads:
ψ0 =
e−r
2/2w2
w
√
pi(w2 + r2c )
(reiϕ − rceiϕc) , (5)
where w is the spot size of the wavepacket and
(
xc ≡
rc cosϕc, yc ≡ rc sinϕc
)
gives the position of the core. A
similar initial state could be implemented in an experi-
ment with two delayed resonant pulses [8] in a polariton
fluid.
The wavepacket is given by:
ψ(r, ϕ, t) =
∑
n
[
αn,1e
−iEn,1t/~χn,1 + αn,0e−iEn,0t/~χn,0
]
.
(6)
The dynamics is intriguingly highlighted. Examples
are shown in Fig. 1. We can detect different stages
in the dynamics; at first we see an increment of the
wavepacket size inside the well, which brings the density
null and crest in larger and larger separation; however,
the wavepacket should be zero on the boundary and there
is a time instant when diffusion stops and a second crest
starts to form , in half–moon shape, which is thinner than
the first one but larger in radius. At the same time the
vortex core rotates and the distortion of the phase excites
further vortices, and precisely a vortex–antivortex pair,
that move until they again recombine. Very shortly after
the outer density reforms to an inner density, followed
by rotation of the core and once again by creation and
then annihilation of the vortex pairs. Such processes are
repeated during the time evolution of the dynamics.
Despite the complex motion of the core, the angular
momentum content remains steady, one can show that:
〈Lz〉 =− i~
∫
dϕ
∫
rdrψ∗∂ϕψ
=
~R2
2
∑
n
|αn,1|2N2n,1
[
J2(βn,1)
]2
. (7)
The desired quantity is the angular momentum per
particle, which in the current physics is less than one
(as expected for an off–center vortex [10]), namely, l ≡
〈Lz〉/N < 1, where N is the total number of the particles
and is given by:
N =
R2
2
[∑
n
|αn,1|2N2n,1
[
J2(βn,1)
]2
+
∑
m
|αm,0|2N2m,0
[
J1(βm,0)
]2]
(8)
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FIG. 1. Dynamics of an off–center vortex in quantum well with hard boundary. Upper panels show the density profile of the
wavpacket: |ψ|. The lower panels illustrate the corresponding phase map: arg[ψ]. In (h) phase gets so distorted that a pair
is excited, which is shown by V (vortex) and AV (antivortex). The pair moves until V and AV recombine. It can be excited
later, as is shown in (j). Here, we used: R = 2 µm, and w = 0.5 µm.
The fact that l < 1 comes from the initial field (5),
where we introduce two kinds of particles with a frac-
tion only of them carrying (integer and equal to one)
angular momentum. Here the infinite external potential
is a purely confining one, its shape is radially symmetric
and azimuthally homogeneous. Considering the poten-
tial gradient and its symmetry, its boundaries act both
as a local and net force on the fluid at any moment,
however there is no net torque acting on the fluid. Ba-
sically, while the center of mass of the fluid and its net
linear momentum keep changing due to the continuous
AV
VV
(a) (b) (c)
V V
FIG. 2. Phase distortion resulting from the interference be-
tween two waves, one is oblique with respect to the other and
carries topological charge TC ≤ 1. Frames are for different
k, wave number, where its increasing distorts the resulting
phase. If the total field eikx + reiϕ − rceiϕc (described in
the text) is written in its imaginary and real form, the con-
dition for zero density is given as: − cos(kx) = x − xc and
− sin(kx) = y − yc. Here we take xc = 1 µm and yc = 0,
and then the roots of − cos(kx) = x − xc give the possible
numbers of vortices. In (a) and (b) there is only one root,
corresponding to the intersection of two curves x−xc (shown
in cyan) and − cos(kx) (shown red). In (c) there are three
roots, which represent two vortices (denoted by V) and an
antivortex (denoted by AV).
bouncing of the fluid against the well boundaries, its net
angular momentum remains constant. Yet, some pecu-
liar morphology reshaping, involving also the topological
charges, happens during the evolution.
Once the expanding cloud reaches the boundary and is
partially reflected, a circular ripple of lower density with
larger phase gradient (visible starting from Fig. 1b,g on)
is formed. It can be understood in terms of interfer-
ence between the outward diffusing and the inward re-
flected waves. The secondary vortex–antivortex pair is
nucleated starting from this loop of local low density.
The pair proliferation is understandable in the realm of
wave interference as well. Consider the interference of
two waves, both with a Laguerre Gaussian type envelope
of same amplitude: one propagating in the k1 direction,
A1 = e
−ik1·re−r
2/(2w2), and the other propagating in the
different direction k2 but with a topological charge TC ≤
1, A2 = e
−ik2·re−r
2/(2w2)
(
reiϕ − rceiϕc
)
. If, for simplic-
ity, A1 travels along the x direction, for which k1 = kiˆ,
and for A2 we assume k2 = 0, then the two interfering
waves can yield a total density I ∝ |eikx + reiϕ− rceiϕc |.
Depending on wavenumber k, such a density can have
one root, corresponding to the initial topological charge
TC ≤ 1, or can sustain three roots corresponding to a
vortex and a vortex–antivortex pair. Example of this be-
havior of the phase is shown in Fig. 2, where we take
xc = 1 µm and yc = 0 (that is obtained by polar param-
eters rc = 1 µm and ϕc = 0). Upon increasing k, the
phase gets distorted, resulting in vortex pair nucleation.
This condition also depends on the relative amplitude
of the two waves, which we didn’t considered in order
to highlight the importance of the momentum. Coming
back to the displaced vortex in the circular quantum well,
the excitement of the pair comes to play when a reflected
4wave from the hard boundary interferes with the field in-
side the well, as described partially in the above example,
where a vortex–antivortex pair is created and annihilated
repeatedly. There could be higher energetic initial con-
ditions for which a larger number of vortex–antivortex
pairs are cyclically observed. All these dynamics and
morphology reshaping happen keeping a constant angu-
lar momentum.
III. HARMONIC POTENTIAL
Next, we consider the displaced vortex in a harmonic
potential. The main equation is i~∂tψ = Hsoψ with:
Hso = − ~
2
2m
∇2 + 1
2
mω2sor
2 , (9)
where ωso stands for the natural frequency of the os-
cillations. Ring potentials in general have been shown
to sustain rotating patterns [11, 12], based on combina-
tions of rotational modes of different eigenenergies. The
harmonic potential provides the staple model for many
vibrating systems. Here, we show interesting features
of the vortex fluid inside such potential and add a fur-
ther degree, that is, temporally periodic angular momen-
tum. To this end, we start our analysis with a spatially
equipotential initial condition, namely, where the width
parameter w = β ≡√~/(mωso) is assumed in the initial
configuration expressed by Eq. (5).
The wavepacket can be obtained in a close form:
ψ =
e−r
2/(2β2)e−iωsot
β
√
pi(β2 + r2c )
[
rei(ϕ−ωsot) − rc(0)ei(ϕc(0))
]
.
(10)
This gives the orbit where the core moves on, which is a
circle of radius rc(0); such a motion happens with a con-
stant speed vc = rc(0)ωso. Although the core oscillates
in time, the angular momentum content remains steady:
〈Lz〉 = ~ β
2
β2 + r2c (0)
. (11)
This is consistent with a fractional value due to the offset
core, which remains constant due to the fixed radius of
its orbit. Then, the rotational content depends on the
initial radial distance of the core from the origin, ranging
from 〈Lz〉 = 1 for rc(0) = 0 to some very tiny value for
large rc(0).
Interesting dynamics happens when in the initial
condition we set w 6= β, corresponding to a non–
equipotential isotropic case. Depending on the ratio of
w/β , approximate solution can be provided through:
ψ =
∑
nm
αn,m(t)φn,m(x, y) , (12)
where Hsoφn,m = En,mφn,m, and αn,m(t) =∫
e−itEn.m/~ψ0φn,mdxdy with n,m = 0, 1, 2, · · · . The
(a) (b)
(c) (d)
FIG. 3. Phase map profiles of displaced vortex in non–
equipotential case (w = 1.2β). Panels (a) to (d) corresponds
to time {0, 0.75, 1.5, 3} ps. The trajectory of the core is an el-
lipse shown in cyan. For the matter of comparison, trajectory
for the equipotential (w = β) case also is shown. The vor-
tex morphology, |ψ| = constant, is shown with red contours.
The enlarged view in panel (c) helps to visualize the highly
compact shape at the perihelion core position along the orbit.
evolution of the density is shown in Fig. 3 for w = 1.2β
and for the core located initially in (−1, 0). First, the
wavepacket shrinks in size and at the same time the
core also moves, but this time it moves on an ellipse
rather than a circle: (βxc(t)/w)
2+(wyc(t)/β)
2 = (β/w)2.
Then, the wavepacket shapes to its initial size, and the
core completes one period of its motion. Such oscillations
are repeated during the time evolution of the dynamics.
Apart from the peculiar motion of the vortex core, that
is being temporally sped up or down, and also the time–
varying morphology, the quantum average of angular mo-
mentum is yet constant. In general and for any initial
condition, one can show that for a simple harmonic po-
tential the expectation value of angular momentum reads
as:
〈Lz〉so = i~
∑
n,m
α∗nm(0)
[
αn−1,m+1(0)
√
n(m+ 1)
−αn+1,m−1(0)
√
m(n+ 1)
]
, (13)
which is clearly time-independent. This is once again
(as in the case of the circular quantum well) in agree-
ment with the symmetry of the radial force field (energy
gradient) of such potentials, which do have a zero net
torque. In their interaction with fluid, they cannot ex-
ert any change of its overall angular momentum, which
5keeps constant.
Although the angular momentum is steady in the
above cases, the time–varying angular momentum could
be induced by means of some perturbations; here we
consider two examples. The first is an external time
harmonic (and spatially homogeneous) potential V (t) =
V0 cos(ωpt) + iV1 sin(ωpt) which could be induced by an
external oscillating field such as an incident laser. Here,
we also add a complex term to take into account decay
and/or gain. The coefficient αn,m in Eq. 12 is given by:
αn,m(t) =e
−itEn,m/~e−i
V0 sin(ωpt)
~ωp e
−V1 cos(ωpt)~ωp
×
∫
ψ0φn,mdxdy . (14)
Corresponding average of the angular momentum reads
as:
〈Lz〉 = e−
2V1 cos(ωpt)
~ωp 〈Lz〉so , (15)
which is periodically time dependent. The amplitude of
oscillations depend strongly on ratio of V1/~ωp, and may
go beyond ~, for example, 〈Lz〉 > 2~. The morphology
of the vortex now attains an extra prefactor weight of
e−V1 cos(ωpt)/~ωp which results in oscillatory angular mo-
mentum.
The second example accounts for the effect of spatial
anharmonicity, namely, a quartic contribution which is
added to the harmonic oscillator potential. Indeed, a
fluid in power law trap demonstrated some rich vortex
states including crossover from vortex lattice to giant vor-
tex [13]. We do not consider such transition at large rota-
tional velocity here, as we rather focus on the possibility
of time–varying angular momentum with anharmonicity,
which could be naturally the part of every vibrating sys-
tem. Here for simplicity we consider anistropic anhar-
monic term Han ≡ λx4, where λ > 0. For this case the
coefficient αn,m is given as:
αn,m(t) =e
−it(En,m+λγn,n)
~
(
αn,m(0)
− iλ
~
∫ t
0
dt′e
it′(En,m+λγn,m)
~
∑
n′ 6=n
αn,n′(t
′)γn′,n
)
,
(16)
where γn′,n ≡ 〈φn′,k|x4|φn,k〉. Due to parity of the eigen-
states φn,m, nonzero values of γn′,n are given for n + n
′
equal to an even nonzero integer number. It leads to some
simplification in computing αn,m(t). We showed that the
angular momentum is steady, not varying in time, for a
spatial harmonic potential (which is associated to a sym-
metric central force field). However, even a small devia-
tion from this configuration, such as anisotropic anhar-
monicity (which makes the force field a not-central one),
can result in time–varying angular momentum. Consid-
ering initial condition with w = β in Eq. (5), the in-
osotropic anharmonicity removes the degeneracy of the
excited states of the harmonic potential, and for small λ,
the wavepacket in Eq. (10) modifies to
ψ =
e−r
2/(2β2)e−i(ωso+γ0)t
β
√
pi(β2 + r2c )
[
e−iωsot(x+ iye−i(γ1−γ0)t)
− rc(0)ei(ϕc(0))
]
, (17)
where we introduce γn ≡ λγn,n/~. Here, the core will
move on the following orbit:
xc(t) =rc(0) sec
(
(γ1 − γ0)t
)
cos
(
(ωso + γ1 − γ0)t+ ϕc(0)
)
,
(18a)
yc(t) =rc(0) sec
(
(γ1 − γ0)t
)
sin
(
ωsot+ ϕc(0)
)
, (18b)
which is given in the parametric representation. Exam-
ples of the dynamics are shown in Fig 4. The vortex
core (white point) moves on a boomerang shape trajec-
tory (shown in cyan), while the morphology of the vor-
tex, which is shown with the red contours, is being modi-
fied. As the example of the anisotropic vortex, the vortex
shape is initially stretched and then oriented along one
branch of the core trajectory, while the core itself moves
to a position too far from the vision, at infinite distance
(Fig 1a-c). As the core comes back along its orbit, the
vortex changes its orientation and then is stretched again
along the other branch of the core trajectory; the core
also repeats its previous motion. (Fig 1d-h). Moreover,
there is a possibility to observe the edge dislocation, that
is, when tcr ≡ Npi2(γ1−γ0) , with N as the natural number.
Indeed one of the overall movements of the fluid can be
thought as partially oscillating right and left due to the
anisotropic term while also moving up and down due to
the harmonic trap. This makes dark interference lines
along the diagonal directions, which also recall the cross-
ing lines between the two terms of the potential. Another
interesting feature related to the anisotropic anharmonic-
ity is the induced time–varying angular momentum which
for the wavepacket (17) reads as:
〈Lz〉 = ~ β
2
r2c (0) + β
2
cos
(
t(γ1 − γ0)
)
, (19)
where the angular momentum oscillates in time. In con-
trast to the time harmonic perturbation, the amplitude
of such oscillations is bounded to (−~, ~) interval. Inter-
esting feature is that one can find some moments (tcr),
when the angular content is zero (as seen above, when
the diagonal edge dislocation is maximally manifested
and the vortex core is at infinite distance).
IV. RABI–COUPLED FIELDS
Rabi–coupled fields [14] can also show time–varying
angular momentum in each one of the two (or more) com-
ponents. To study such system, let consider a coherent
6(d)(c)(b)(a)
(e) (h)(g)(f)
FIG. 4. Frames of the dynamics in the presence of anharmonicity, highlighted an example of dynamic beam for which angular
momentum varies in time. (a) to (h) corresponds to time {0, 0.7, 1.25, 1.9, 2.75, 4, 4.4, 6.28} ps. The core (presented in white)
moves on a boomerang shape trajectory (shown in cyan). Contours (in red) show the vortex morphology, which is periodically
stretched and folded up. They are circles in in t = 0 in (a). Then, they reform to oriented ellipses ((d) and (f)) which are
stretched up to their extreme shaping to strait lines. Here, we used: w = β, ωso = 1 ps
−1.
coupling between the two fields ψC and ψX , where the
main equations are given as:
i~∂t
(
ψC(x, y, t)
ψX(x, y, t)
)
= L
(
ψC(x, y, t)
ψX(x, y, t)
)
, (20)
where
L =
(
−~2∇22mC + EC ~Ω
~Ω −~2∇22mX + EX
)
. (21)
Here, Ω is the Rabi frequency, and mC(mX) shows the
mass in the C(X) field. We consider no decay term in
any of the two fields. For the initial condition we assume:
(ψC,X)|t=0 = e
−r2/2w2
w
√
pi(w2 + r2c,x)
(reiϕ − rc,xeiϕc,x) , (22)
where the vortex cores are located in different points
in real space, defined by (rc,x, ϕc,x) in polar coordi-
nates. We are not considering here the degree repre-
sented by a different amplitude factor between the two
fields. One can find a close form solution in reciprocal
space (k =
√
k2x + k
2
y and θk = arg[kx + iky]) by apply-
ing the Fourier transform F on each field, and obtain
a general expression for the amplitudes of two coupled
fields [15]:
ψ˜C =
1
k2Ω
e−i
k2M+
2~ t
×
[
− i sin(k
2
Ωt
2~
)
(
2~Ω(ψ˜X)|t=0 + (ψ˜C)|t=0(~δ + k2M−)
)
+ (ψ˜C)|t=0k2Ω cos(
k2Ωt
2~
)
]
, (23a)
ψ˜X =
1
k2Ω
e−i
k2M+
2~ t
×
[
− i sin(k
2
Ωt
2~
)
(
2~Ω(ψ˜C)|t=0 − (ψ˜X)|t=0(~δ + k2M−)
)
+ (ψ˜X)|t=0k2Ω cos(
k2Ωt
2~
)
]
, (23b)
where ψ˜C,X = F [ψC,X ] and we introduce M± =
~Ω
2 (1± (mC/mX)) and k2Ω =
√
(2~Ω)2 + (~δ + k2M−)2
with ~δ ≡ EC − EX as the energy detuning. In gen-
eral it is not possible to find a close form solution in real
space, due to polaritonic factor [16], however, with re-
spect to the initial conditions (22), we can find some ap-
proximate solutions in the regime of w  1 which is the
case for the experimental observations [8]. In this regime,
one notes that the dynamics is limited to a very small in-
7terval in reciprocal space, say of the order kmax ∼ 0.1.
It leads to some simplifications in Eqs. (23), namely,
k2Ω ≈
√
(2~Ω)2 + (~δ)2. If we expand the expression for
the fields and apply to the initial condition of the two
vortices (22), then we find
ψC ≈we
ir2
tΩ′−2iw2
tΩ′ − 2iw2
[
2iΩ sinωRt
ωR
√
pi(w2 + r2x)
(
2w2reiϕ
tΩ′ − 2iw2 − irxe
iϕx) +
2w2reiϕ
tΩ′−2iw2 − irceiϕc√
pi(w2 + r2c )
( iδ sinωRt
ωR
− 2 cosωRt
)]
, (24a)
ψX ≈we
ir2
tΩ′−2iw2
tΩ′ − 2iw2
[
2iΩ sinωRt
ωR
√
pi(w2 + r2c )
(
2w2reiϕ
tΩ′ − 2iw2 − irce
iϕc) +
2w2reiϕ
tΩ′−2iw2 − irxeiϕx√
pi(w2 + r2x)
(−iδ sinωRt
ωR
− 2 cosωRt
)]
, (24b)
where ωR ≡
√
(2Ω)2 + δ2/2 is introduced as the fre-
quency of oscillations, and Ω′ ≡ Ω(1 + mr) with mr ≡
mC/mX . It is noted that if initially vortex cores are po-
sitioned in the same point of the real space (rce
iϕc =
rxe
iϕx), they do not move at all; however, detuning
(δ 6= 0) can induce dephased density oscillations [16–18],
while the morphology remains constant, otherwise mor-
phology undergoes a complex orbiting reshaping. The
mean angular momentum content of each field is then
given as:
〈Lz〉C,X = ~w
2
4
[
4 cos2 ωRt
w2 + r2c,x
+
sin2 ωRt
ω2R
( (2Ω)2
w2 + r2x,c
± 4Ωδ√
(w2 + r2c )(w
2 + r2x)
+
δ2
w2 + r2c,x
)]
, (25)
which is clearly independent of mr, however, oscillatory
in time. Again, for zero detuning it can be observed that
for co-aligned vortices, the momentum stays constant. If
however δ 6= 0, even though the cores do not move, there
are some spatial density waves and angular momentum
oscillations induced by detuning. Most interestingly, in
the general case, the two vortex cores keep orbiting each
other. Then the angular momentum, alongside density,
is coherently transferred and oscillating between the cou-
pled fields, while the total angular momentum in the sum
of the two fields is conserved. In other terms, due to the
exchange of particles with different position and momen-
tum, also the average angular momentum per particle in
each of the two fields is periodically time-varying. This
is well represented by the cores moving in the off-axis
orbit (which is, periodically changing their distance from
the center). In fact, average quantities, such as angu-
lar momentum, depend eventually on the nature of the
dynamics, which is here Rabi oscillations between cou-
pled fields [17, 18]. Example of the dynamics is shown in
Fig. 5 for mr  1, corresponding to the strong coupling
regime of cavity photons and quantum well excitons [19].
Here we show some frames of the phase map for the pho-
ton (ψC) field. Initial vortex states can be introduced
through resonant pulse pumping and their offset tuned
by means of two-pulses coherent control [8]. The core
moves along a circle orbit, shown in cyan, and similarly
the morphology of the vortex, shown by red isodensity
contours, illustrates nontrivial oscillatory shapes. While
the core and the vortex itself evolve oddly, in a sense that
the core is faster in the outer part of the beam [8, 16],
the angular momentum oscillates regularly.
Such a peculiar dynamics can be perceived readily by
the following simplified version of the coupled field solu-
tions in matrix representation (refer to appendix A for
more details): (
ψC
ψX
)
= J
((
ψC
)|t=0(
ψX
)|t=0
)
, (26)
with
J ≡
(
cosωRt− iδ2ωR sinωRt − iΩωR sinωRt
− iΩωR sinωRt cosωRt+ iδ2ωR sinωRt
)
.
(27)
Once more, it is noted that the solutions (26–27) are valid
in the regime of w  1 and not correct in general cases,
for example, when the dispersion effect plays a central
rule [20].
One may have de´ja` vu that the aforementioned repre-
sentation is reminiscent of rotation matrix in linear alge-
bra, however, there is stark contrast due to the complex
elements. Indeed, such a unitary matrix is common in
the dynamics of binary fields in linear regime [18], and
essentially is different than merely a rotation matrix as
happens in real space. Yet, one can be hopeful for an
interpretation similar to rotation. To this end, let in-
troduce the complex number defining the polariton state
(in the basis of the coupled fields) Z ≡ ψC/ψX so that
the matrix representation in Eqs. (26–27) reappears as a
bilinear transformation Z0 7→ Z = M(Z0), where Z0 is
the initial state and we introduce:
M ≡ Z0
(
cosωRt− iδ2ωR sinωRt
)− iΩωR sinωRt
Z0
(−iΩ
ωR
sinωRt
)
+ cosωRt+
iδ
2ωR
sinωRt
. (28)
Assuming δ = 0 hereafter for simplicity, the transfor-
mation (28) holds two fixed states Z0 = ±1, which also
represent the vortex cores in the dressed states (normal
modes) [21]. Rewriting the transformation M in the nor-
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FIG. 5. profiles of the phase map for different times:
{0, 0.15, 0.25, 0.39, .65, 1.55}, for panel (a) to (f), respectively.
Time is in ps. The core is initially located at (−w, 0). Here,
the dynamics is shown for the limit of mr = 0.001  1 for
ψC in Eq. 24. The position of the core is shown by a white
point, and trajectory of its motion is illustrated in cyan. The
red contours show the shape (morphology) of the vortex.
mal form:
Z − 1
Z + 1 = e
2iΩtZ0 − 1
Z0 + 1 (29)
one finds that any Z moves in the complex plane map-
ping the polariton state around Apollonius circles that
are symmetric with respect to fixed points, and then M
maps each circle to itself. In advanced complex analysis,
the specific transform M is an example of elliptic trans-
form [22]. Furthermore, one can find an explicit repre-
sentation of the Z point in terms of its stereographic pro-
jection on the Riemann sphere (here also coinciding with
the Bloch sphere of polariton states). Denoting (X,Y, Z)
as a point from the Riemann sphere, corresponding stere-
ographic expressions read as:
X + iY =
2Z
1 + |Z|2 , (30a)
Z =
|Z|2 − 1
|Z|2 + 1 . (30b)
The representation on the sphere helps to visualize the
smooth motion of the dynamics. On the sphere indeed
the evolution of every point is a rotation around the axis
passing along the two poles which represent the normal
modes. Such axis is here set horizontal with respect to
the complex plane. The previous considerations only con-
cern the polariton states evolution, independently from
any mapping or distribution they could assume in real
space. Very interestingly, it is the specific and special
initial condition with the two offset vortices of the said
form (22) that creates a homeomorphism which links the
Riemann sphere to the real space too [8] and mirror the
complex plane into it. The vortex core moving along a
finite size circle orbit in Fig. 5 is such an example, ob-
tained upon a given set of parameters. A further example
of straight line orbit (circle at infinite) is considered in
appendix B.
V. CONCLUSIONS
Understanding the quantum fluid systems with time–
varying angular content matures a further degree of free-
dom in the capacity of structured wavepacket to exert
torque to different objects, ranging from some small size
of nanometer to the size as large as milliliter. We studied
analytically some possible systems, either based on con-
fining potentials or on coupled condensates, for which the
output vortex beams can carry dynamical orbital angu-
lar momentum. One can find a peculiar motion of the
vortex core that is nested into a nontrivial morphology
of the packet, which could be considered as a kind of
temporal–anisotropic vortex structure, namely, its shape
is being modified in the time course. In general, one can
find the vortex core in motion with some local angular
momentum distributed in space, however the expecta-
tion value of the angular content of the beam, which is
done over the whole of wavepacket as a global quantity,
may keep constant or be time-varying, depending on the
physical system and the specific settings. The torque
applied onto an object immersed into the beam would
hence depend on both the beam and object morpholo-
gies, and can be made, for example periodic such as in
a hybrid optomechanical torsion pendulum. This further
degree of time-varying vortex and orbital control could
benefit applications of OAM signal encoding and trans-
mission, or precision metrology, such as gyroscopes and
even Casimir torque measurements.
9Appendix A: Simplified–coupled fields expression
It is possible to find a simpler version of the solutions,
which is given in Eqs. (26–27). Let start from the ex-
act expression for the two coupled fields in the reciprocal
space (23), and ignore all terms with k dependency which
means, indeed, the dynamics remains in the real space
domain size of the initial packet. Then, there are nei-
ther associated diffusive effects nor dispersive ones in the
dynamics of the solutions. It is worth noting that real
space solutions of (24) include diffusion, which mainly
comes from the exponential term e−i
k2M+
2~ t in Eqs. (23).
Yet, by ignoring dispersive and diffusive effects, one can
find the desired solutions:
ψ˜C =
[
cos(ωct)− iδ
2ωc
sin(ωct)
]
(ψ˜C)|t=0
− iΩ
ωc
sin(ωct)(ψ˜X)|t=0 , (A1a)
ψ˜X =− iΩ
ωc
sin(ωct)(ψ˜C)|t=0
+
[
cos(ωct) +
iδ
2ωc
sin(ωct)
]
(ψ˜X)|t=0 , (A1b)
that after taking inverse Fourier transform, they finally
give the simplified real-space form (26).
Appendix B: Vortex core motion on the Riemann
sphere
Here we describe an example of the dynamics of the
Z point on the Riemann sphere. To keep the exam-
ple interesting let consider vortex cores in photon and
exciton fields where they are located, respectively, at
(−w, 0) and (0, 0) in real space. We assume zero en-
ergy detuning. Corresponding Z points are then given
as ZC(t) = i tan Ωt and ZX(t) = −i cot Ωt, which move
along the imaginary axis of the complex plane. In t = 0,
ZX is a point at infinity, in t = pi/(2Ω) it reaches the
origin of the complex plane and then in t = pi/Ω it is
again at infinity. Contrarily, ZC is initially positioned
at origin, then goes to infinity, and finally in t = pi/Ω
it reappears at origin. Clearly, the motion of the points
are not smooth, that is, ddtZC,X is not a constant. How-
ever, points on the Riemann sphere show smooth dynam-
ics. To consider this, we note that the corresponding
points on the sphere are (0,− sin 2Ωt, cos 2Ωt) for ZC ,
and (0, sin 2Ωt,− cos 2Ωt) for ZX , which can be obtained
directly form Eqs. 30. These provide a circle on the
sphere, and the points on the sphere move apparently
with constant angular speed of 2Ω. The described situa-
tion can be realized starting from a specific initial condi-
tion of the said form 22. However the very same picture
can be extended, upon using different parameters in the
same form, to otherwise points of real space, where the
relevant Z point moves on an associated Apollonius cir-
cle [8].
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